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Power spectrum of stochastic wave and diffusion equations in the warm inflation
models
Z. Haba
Institute of Theoretical Physics, University of Wroclaw,
50-204 Wroclaw, Plac Maxa Borna 9, Poland∗
We discuss dissipative stochastic wave and diffusion equations resulting from an interaction of
the inflaton with an environment in an external expanding homogeneous metric. We show that
a diffusion equation well approximates the wave equation in a strong friction limit. We calculate
the long wave power spectrum of the wave equation under the assumption that the perturbations
are slowly varying in time and the expansion is almost exponential. Under the assumption that
the noise has a form invariant under the coordinate transformations we obtain the power spectrum
close to the scale invariant one. In the diffusion approximation we go beyond the slow variation
assumption. We calculate the power spectrum exactly in models with exponential inflation and
polynomial potentials and with power-law inflation and exponential potentials.
I. INTRODUCTION
It has been discovered long time ago by Harrison [1]
and Zeldovich [2] that the scale invariant spectrum of
galaxy distribution plays an essential role in the galaxy
formation after the Big Bang. The spectrum close to
the scale invariant one has been confirmed by WMAP
observations [3][4]. Since then the power spectrum is a
substantial criterion for a validity of cosmological mod-
els. The power spectrum results from quantization of the
quadratic fluctuations around the homogeneous solution
[5][6][7][8][9][10][11]. The formalism is explicitly gauge
invariant [12][13]. It treats quantum gravitational fluc-
tuations and inflaton fluctuations on the same footing.
Nevertheless, it has been shown [14][15][16][17] that if the
quantum inflaton fluctuations are expressed by stochastic
fluctuations in e-fold time then the inflaton fluctuations
already contain the gravitational fluctuations leading to
the same power spectrum as in [13]. The scalar field mod-
els can be considered as effective field theories of scalar
cosmological perturbations. The power spectrum close to
the scale invariant one has also been obtained in warm
inflation models [18][19]. The model of warm inflation is
treated as an effective field theory of an inflaton inter-
acting with a large number of other fields [20][21]. The
inflaton wave equation becomes stochastic as a result of
an interaction with other fields whose effect is described
on the the basis of their contribution to the entropy and
to the energy density [18][22][23]. In this paper we study
in detail the stochastic wave equation in the form derived
from an interaction of scalar fields with an environment
[24] [25][26]. In this model the heat bath is an initial state
of an infinite set of scalar massive fields χn interacting
with the inflaton. The fields χn are treated as unobserv-
able degrees of freedom. We average over these degrees of
freedom. As a result of the interaction with χn the infla-
ton acquires a friction and a noise term. The stochastic
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model is considered as a Markovian approximation to the
Hamiltonian model of the χn fields interacting with the
inflaton. Such an approach is analogous to the treat-
ment of a Brownian particle in an environment of other
particles.
In this paper we first repeat a calculation of the
power spectrum in an extended model of the inflaton-
environment interaction [26] on the basis of previously
developed methods [27][28] under the assumption that
the perturbations of the non-linear wave equation are
slowly varying in time (are almost constant). However,
the main objective here is a development of another tool
for a computation of the power spectrum based on the
approximation of the dissipative wave equation by a dif-
fusion equation. In the case of a random diffusion the
calculation of the power spectrum is much simpler. Its
dependence on the evolution law can be seen in a more
transparent way. We are able to calculate the power spec-
trum with parameters which can substantially vary in
time.
The plan of the paper is the following. In sec.2 we re-
peat the main steps of the derivation [26] of the model
emphasizing the extra terms which appear in comparison
to the warm inflation inflaton equation [21]. We discuss
the resulting dissipative stochastic wave equation for an
inflaton interacting with an environment by means of a
potential U . In sec.3 we show that at strong friction the
solutions of the wave equation tend to the solutions of a
diffusion equation. In sec.4 we calculate the power spec-
trum of the stochastic wave equation under the assump-
tion that the evolution of the scale factor is almost expo-
nential and the variables in this equation can be treated
as constants. This is a repetition of the standard calcula-
tions [27][28][19] but in a model with different potentials
and a different noise. In sec.5 we calculate the power
spectrum of the stochastic diffusion equation assuming
again that the expansion of the metric is almost expo-
nential and that the variables in this equation can be
treated as constants. We obtain the same power spec-
trum as in the case of the wave equation,i.e., an almost
scale invariant spectrum, which is shown to be a conse-
2quence of the form of the noise. We discuss a relation of
our results to the ones in the literature.In sec.6 we study
solutions of the diffusion equation with almost exponen-
tial expansion but with varying potentials. We obtain
a shift in the formula for the spectral index. Then, we
explore exponential potentials in a power-law expanding
metric when the method of constant parameters does not
apply. The diffusion equation reveals a sensitive depen-
dence of the power spectrum on the potentials. In Ap-
pendix A we show in a simple way that the form of the
noise that leads to the scale invariant spectrum follows
from its invariance under coordinate transformations. In
Appendix B we give a simplified derivation of the scale
invariant spectrum showing the crucial role of the form
of the noise and the exponential expansion.
II. THE MODEL OF AN ENVIRONMENT
We recall the basic ingredients of the model [24][25][26]
of an interaction of the inflaton with an environment. We
consider the Lagrangian
L = 12∂µφ∂
µφ− V (φ)
+
∑
n(
1
2∂µχn∂
µχn −
1
2m
2
nχnχn − λnU(φ)χn),
(1)
where U(φ) is a certain interaction potential. Equations
of motion read
g−
1
2 ∂µ(g
1
2 ∂µφ) = −V ′ − U ′(φ)
∑
n
λnχn, (2)
g−
1
2 ∂µ(g
1
2 ∂µχn) +m
2
nχn = −λnU(φ), (3)
where gµν is the metric tensor and g = | det[gµν ]|. We
restrict ourselves to the flat expanding metric
ds2 = gµνdx
µdxν = dt2 − a2dx2 (4)
We write
χn = a
− 3
2 χ˜n. (5)
Then, in the momentum space eq.(3) reads
∂2t χ˜n + ω
2
nχ˜n = −λna
3
2U(φ), (6)
where
ω2n = a
−2k2 +m2n −
3
2
∂tH −
9
4
H2
H = a−1∂ta. Let us consider low momenta a
−1k << H
so that for a large time we can neglect a−2k2 term. We
also assume that H is slowly varying and ω2n > 0.
We can solve eq.(3) for χn
χn = χ
cl
n − λn
∫
dx′Gn(x, x
′)U(x′), (7)
where we denote U(x) = U(φ(x)), χcln are solutions of
the linear equation and Gn is the Green function. When
we insert χn of eq.(7) in eq.(2) then it takes the form
g−
1
2 ∂µ(g
1
2 ∂µφ) + V ′ = −U ′
∑
n λ
2
nGnU + U
′η ≡ δφ+ U ′η˜,
(8)
where
η˜ = −
∑
n
λnχ
cl
n . (9)
When we calculate the expectation value of η˜ over the
free field solutions χcln with respect to the Gibbs measure
(with temperature β−1) then approximately
〈η˜(x)η˜(x′)〉 = β−1(2π)−3
∫
dk exp(ik(x − x′))∑
n λ
2
nω
−2
n cos(ωn(t− t
′)).
(10)
We assume that λ2nω
−2
n ≃ γ
2 is a constant. Then
〈η˜(x)η˜(x′)〉 = β−1γ2a−3δ(x− x′)δ(t− t′). (11)
The friction δφ in eq.(8) can be expressed by means of
an approximate Green function
sin(ωn(t− s))
ωn
= ∂s
(cos(ωn(t− s))
ω2n
)
(in eq.(7) x = (t,x) and x′ = (s,x′)). After an integra-
tion by parts in GnU the friction term takes the form
−a(t)−
3
2U ′
∑
n
λ2n
∫
ω−2n cos(ωn(t− s))∂s(a(s)
3
2U)ds.
(12)
We have got the same kernel as the one in eq.(10) which
we approximated by δ(t − s) in eq.(11) for the correla-
tion of the noise. With these approximations, when we
perform the differentiation in eq.(12), then eq.(2)in the
flat expanding metric (4) reads ( we change the notation
φ→ φη)
∂2t φη − a
−2△φη + (3H + γ
2(U ′)2)∂tφη
+V ′(φη) +
3
2γ
2HUU ′(φη) = β
− 1
2 γa−
3
2U ′η,
(13)
where we wrote η˜ = γβ−
1
2 a−
3
2 η so that
〈ηs(x)ηt(y)〉 = δ(t− s)δ(x − y). (14)
We consider a linearized form of eq.(13) resulting
from an expansion around its homogeneous (space-
independent) solution
∂2t φc+(3H+γ
2U ′(φc)
2)∂tφc+V
′(φc)+
3
2
γ2HUU ′(φc) = 0
(15)
We write φη = φc + φ. The initial conditions are con-
tained in φc, so we assume zero as the intitial condition
for φ. The linearization of eq.(13) expanded about φc
reads
∂2t φ− a
−2△φ+ (3H + γ2U ′(φc)
2)∂tφ+ V
′′(φc)φ
+2γ2U ′U ′′(φc)∂tφcφ+
3
2γ
2H((U ′)2 + UU ′′)φ
= β−
1
2 γa−
3
2U ′(φc)η.
(16)
3We can transform eq.(16) to another form . Let
φ = a−
3
2 exp
(
−
1
2
γ2
∫ t
0
U ′(φc)
2
)
Φ. (17)
Then
∂2tΦ− a
−2△Φ− Ω2Φ
= β−
1
2 γ exp
(
1
2γ
2
∫ t
0 U
′(φc)
2
)
U ′(φc)ηt,
(18)
where
Ω2 = −V ′′ − 12γ
2∂t(U
′)2 + 32∂tH
− 32γ
2H((U ′)2 + UU ′′) + 14 (3H + γ
2(U ′)2)2.
The wave equation with friction is transformed into a
wave equation with a complex mass Ω. Note that large
3H + γ2(U ′)2 means large Ω.
III. DIFFUSION APPROXIMATION
In this section we show that the diffusion approxima-
tion to eq.(16) , i.e., the omission of ∂2t φ, is equivalent to
the neglect of fast decaying modes (for a large Ω) in the
solution of eqs.(17)-(18). The diffusion approximation
to eq.(16) in the momentum space reads (we denote the
Fourier transform φ˜(k) by the same letter as its spatial
form φ(x))
(3H + γ2U ′(φc)
2)∂tφ+ a
−2k2φ++V ′′(φc)φ
+2γ2U ′U ′′(φc)∂tφcφ
+ 32γ
2H((U ′)2 + UU ′′)φ = β−
1
2 γa−
3
2U ′(φc)η.
(19)
On the other hand we may express the solution of
eq.(18)(momentum space) with zero initial condition at
t0 by means of the Green function G
Φ(t) = β−
1
2 γ
∫ t
t0
G(t, s) exp
(1
2
γ2
∫ s
0
U ′(φc)
2
)
U ′(φc)ηsds,
(20)
where the approximate Green function (for large slowly
varying ω) is
G(t, s) = ω(s)−
1
2ω(t)−
1
2 sinh
(∫ t
s
dτω(τ)
)
(21)
with
ω2 = Ω2 − a−2k2. (22)
Expanding ω in powers of (3H + γ˜2)−1 where
γ˜2 = γ2(U ′)2 (23)
we obtain in the lowest order of the expansion
ω = 32H +
1
2 γ˜
2 + (3H + γ˜2)−1
(
− a−2k2 − V ′′
−2γ2U ′U ′′∂tφc
− 32γ
2H((U ′)2 + UU ′′) + 32∂tH +
1
2γ
2∂t(U
′)2
)
≡ 32H +
1
2 γ˜
2 + 12∂t ln(3H + γ˜
2)− v,
(24)
where
v = (3H + γ˜2)−1
(
a−2k2 + V ′′ + 12∂tγ˜
2
+ 32γ
2H((U ′)2 + UU ′′)
)
.
(25)
We compare solutions of the wave equation (16) with
solutions of the diffusion equation (19). The solution of
the diffusion equation (19) is
φt = β
− 1
2 γ
∫ t
t0
exp
(
−
∫ t
s
dτv(τ)
)
(3H(s) + γ˜2)−1a(s)−
3
2U ′(φc)η(s)ds.
(26)
We compare the solution (26) with (20)-(21). In the
Green function (21) we have
∫ t
s
dτω(τ) = 12
∫ t
s
(3H(τ) + γ˜(τ)2)dτ
+ 12 ln(3H(t) + γ˜(t)
2)− 12 ln(3H(s) + γ˜(s)
2)−
∫ t
s
dτv(τ).
(27)
If in
sinh(X) =
1
2
exp(X)−
1
2
exp(−X)
we neglect the second term as quickly vanishing (for
X > 0) and in eq.(21) ω(s)−
1
2 is approximated by
(32H+
1
2 γ˜
2)−
1
2 (and the same approximation for ω(t)−
1
2 )
then a simple comparison of eqs.(20)-(21) and (26)-(27)
leads to the conclusion that for large 3H + γ˜2 the so-
lutions of the wave equation and the diffusion equation
(with zero initial conditions) coincide.
IV. POWER SPECTRUM OF THE
LINEARIZED WAVE EQUATION
We have calculated the power spectrum in the
Einstein-Klein-Gordon system in [28] in the case U(φ) =
φ. The changes corresponding to the replacement φ →
U(φ) are the following:3H + γ2 → 3H + γ˜2, V ′′ →
V ′′ + 12∂tγ˜
2, 32σγ
2H → 32γ
2H((U ′)2 + UU ′′). We repeat
here the main steps of [28] in order to fix the stage for
the discussion of the extended model. We still rewrite
the correspondence in a different way. Let
Γ˜ = (3H)−1γ˜2 (28)
replacing Γ from [28],
Q =
1
2
∂tγ˜
2 + γ˜2(U ′)−2UU ′′ (29)
and
δ = (V ′′ +Q)(3H2)−1 (30)
replacing η from [28]. If in eq.(15) we applied the slow
roll approximation then we could express ∂tφc in Q by
derivatives of the potential U .
4The power spectrum ρ of fluctuations φ is defined by
〈φt(x)φt(y)〉 =
∫
dkρt(k) exp(ik(x− y)) (31)
or in Fourier transform
〈φt(k)φt(k
′)〉 = (2π)3δ(k+ k′)ρt(k). (32)
The spectral index 2κ is defined by the low k = |k| be-
haviour ρt(k) ≃ k
−2κ.
In [28] we have calculated the spectrum under the as-
sumption that δ and Γ˜ are almost constant. If H is vary-
ing in time then estimates by means of the methods [28]
(based on [27]) are not reliable for varying parameters.
For this reason in the next section we discuss the diffusion
approximation when the time evolution can be treated in
a more controllable way. We define
ǫ = −H−2∂tH. (33)
Without the thermal noise (γ = 0) ǫ can be expressed
from Friedmann equations as 18πG (V
′)2V −2 (where G is
the Newton constant). With the thermal noise and the
interaction U the formula for ǫ in terms of potentials is
more involved (see [26],eq.(89)). We keep (33) as a defi-
nition of ǫ and do not attempt to express it by potentials.
We introduce the conformal time
τ =
∫
dta−1. (34)
With a slowly varying H we have approximately
aH = −(1− ǫ)−1
1
τ
. (35)
Eq.(35) can be obtained by an integration of the identity
[29]
∂t
(
(1 − ǫ)Ha
)−1
= −a−1 + ∂tǫ
(
aH(1− ǫ)2
)−1
(36)
and the assumption that the last term on the rhs of
eq.(36) is small in comparison with the first term.
In terms of τ eq.(16) for the Fourier transform φ(k)
reads (k = |k|)
(∂2τ −
2+3Γ˜
1−ǫ
1
τ
∂τ + k2 +
3δ+ 9
2
Γ˜
(1−ǫ)2
τ−2)φ = γβ−
1
2 ητ . (37)
Let
ζ = kτ (38)
and
ν2 = (1− ǫ)−2
(9
4
− 3δ −
3
2
ǫ++
9
4
Γ˜2 −
3
2
ǫΓ˜
)
(39)
(the term − 32ǫ in eq.(39) is replaced by +
9
2ǫ in the cor-
responding formula in [28] owing to the contribution
of gravitational modes as expressed by scalar perturba-
tions).
The calculation of the expectation value of the solution
of eq.(37) over the noise η leads to
〈φ2〉 ≃ k−3ζ2µY 2ν (ζ)(U
′(φc))
2 ≃ k−3ζ2µ−2ν(U ′(φc))
2
(40)
for small k (as the Bessel function Yν(ζ) ≃ ζ
−ν for small
ζ).Here
µ = (1− ǫ)−1(
3
2
−
ǫ
2
+
3
2
Γ˜). (41)
In eq.(40) the time t in φc(t) must be replaced by τ then
τ is expressed as ζ
k
. For a small Γ˜ and U ′ ≃ const we
have in a linear approximation in the indices describing
the interaction corrections:
2ν = 3 + 2ǫ− 2δ, (42)
2µ = 3 + 2ǫ+ 3Γ˜. (43)
From eqs.(40)-(43) if U ′ ≃ const
〈φ2〉 ≃ k−3+2δ+3Γ˜. (44)
If U(φ) = φ and the term 32γ
2Hφ is absent in eq.(16) then
in [28] we obtained the power spectrum k−3+2η which
agrees with the corresponding result in [19] (in fact, our
spectral index 2µ − 2ν in [28] is equal to 2ν − 2α of
ref.[19]). For a general U(φ) our wave equation (16) is
different from that of ref.[19]. The spectral indices in
models of warm inflation in [18][22][23] agree with our
results when they are concerned with spectral indices of
the inflaton. However, there are other fields in those
models described by their entropy and densities which
additionally contribute to the power spectrum leading to
a different spectral index.
V. THE POWER SPECTRUM OF DIFFUSION
The solution φη = φc+φ of eq.(13) with a given initial
condition is a sum of the solution φc of the homogeneous
equation (15) with this initial condition and φ with 0 as
an initial condition at t0 . From the diffusion approxi-
mation (26) we obtain
ρt(k) = β
−1γ2
∫ t
t0
exp
(
− 2
∫ t
s
v
)
a(s)−3(3H + γ˜2)−2U ′(φc)
2ds.
(45)
We can have ρt ≃ k
−2κ with κ > 0 if t0 = −∞ (otherwise
the integral (45) would be finite at k = 0). For a =
exp(
∫ t
t0
H(t′)dt′) this means that the initial condition is
at a(t0 = −∞) = 0. If we introduce the e-fold time
dν = Hdt, (46)
5then
ρt(k) = β
−1γ2∫ ν(t)
ν(t0)
exp
(
− 2
∫ ν(t)
τ
(1 + Γ˜)−1(
δ + (3H2)−1 exp(−2τ ′)k2 + 32 Γ˜
)
dτ ′
)
exp(−3τ)(U ′(φc(τ))
2H−1(3H + γ˜2)−2dτ.
(47)
(it is assumed that in φc(s) the cosmic time has been
expressed by the e-fold time). We assume in this section
that Γ˜, δ ,U ′(φc) , H and (U
′)−2U ′′U are slowly varying
in time, so that we may approximate them by a constant.
We introduce the variable
u = exp(−2ν) (48)
and assume that H(ν) ≃ const then
ρt(k) =
1
2H β
−1γ2 exp
(
(3H2)−1(1 + Γ˜)−1k2 exp(−2ν)
)
= exp(−2qν)
∫ u(ν0)
u(ν) (3H + γ˜
2)−2U ′(φc)
2
exp
(
− (3H2)−1(1 + Γ˜)−1k2u
)
u
1
2
−qdu,
(49)
where
q = (δ +
3
2
Γ˜)(1 + Γ˜)−1. (50)
The result of integration in eq.(47) assuming thatH ,U ′
Γ˜ and q are approximately constant can be expressed by
the incomplete Γ function
ρt(k) =
1
2H (3H + γ˜
2)−2 exp(−2qν)γ˜2β−1
exp
(
(3H2)−1(1 + Γ˜)−1k2 exp(−2ν)
)
((
(3H2)−1k2(1 + Γ˜)−1
)−κ
Γ
(
κ, (3H2)−1(1 + Γ˜)−1k2 exp(−2ν)
)
−
(
(3H2)−1(1 + Γ˜)−1k2
)−κ
Γ
(
κ, (3H2)−1(1 + Γ˜)−1k2 exp(−2ν0)
))
,
(51)
where
κ =
3
2
− q. (52)
We have for x << 1
Γ(α, x) = Γ(α) − xα
∑
n≥0
(−x)n
(
n!(α+ n)
)−1
, (53)
and for x >> 1
Γ(α, x) = xα−1 exp(−x).
If ν0 → −∞(u(ν0) → +∞) then the second term in
eq.(51) is vanishing. There remains
ρt(k) =
1
2H (3H + γ˜
2)−2 exp(−2qν)γ˜2β−1
exp
(
(3H2)−1(1 + Γ˜)−1k2 exp(−2ν)
)
Γ
(
κ, (3H2)−1(1 + Γ˜)−1k2 exp(−2ν)
)
(
(3H2)−1k2(1 + Γ˜)−1
)−κ
.
(54)
From eq.(53)only the last term in eq.(54) is relevant for
a small k leading to
ρt(k),≃ k
−2κ. (55)
where in a linear approximation in the indices δ and Γ˜
we get
2κ = 3− 2δ − 3Γ˜ (56)
This result agrees with the result (44) obtained from the
wave equation in sec.4. For a large Γ eqs.(40) and (55)
with κ defined in eq.(52) also give the same results but
power spectrum is far from the scale invariant one in
contradistinction to the models in [18] (but in an agree-
ment with the calculations of the spectrum of the inflaton
stochastic equation in [19]).
At γ = 0 the result (56) coincides with the power
spectrum of quantum fluctuations which are derived
by a calculation of 〈φ2〉 in the Bunch-Davis vacuum
[8][9](normalized so that the scalar modes behave as
plane waves at large k(aH)−1; see also a later discussion
in [11][30][31][32](sec.24.3)). Our results agree with the
results of [19](also with the calculations of [18][23] when
the authors calculate the power spectrum of the stochas-
tic equations). In comparison with [19] one should take
into account that we have a different friction term than
the authors in[19] and the term 32γ
2H(U ′2UU ′′) is absent
in [19]) . For U(φ) = φ we have calculated the spectrum
of the same model as in [19] in [28](we consider there an
extra term of the form σ 32γ
2Hφ which for σ = 0 corre-
sponds to the case of [19]). Then, our results agree. For
general U(φ) the spectrum of the inflaton equation of
[19] cannot be compared with eq.(16) without additional
calculations. It follows from eq.(54) that the amplitude
of thermal fluctuations is determined by H , κ (known
from CMB measurements [34][35]), β and γ (which this
way would be fixed by ρt(k)). On the other hand the
friction γ is related (depending on the model) to other
measurable quantities as ,e.g., the diffusion constant [36].
In this way the amplitude of stochastic thermal fluctu-
ations depends on many parameters, whereas the virtue
of the quantum result consists in the prediction of its
10−5 magnitude [6][10][5][7][11] in agreement with obser-
vations. The theory shows that under the assumption of
almost exponential expansion both the quantum fluctua-
tions and the thermal fluctuations of the inflaton lead to
a small deviation from the scale invariant spectral index
( this index is crucial for distinguishing various inflation
models on the basis of observational data [34] [35]). The
assumption that thermal fluctuations are of quantum ori-
gin does not change essentially the results as at high tem-
peratures at the early stage of the universe quantum the-
ory is well approximated by the classical one. Although
CMB shows the quantum Planck spectrum (at all wave
lengths) the perturbations of the homogeneous solutions
at large wave lengths exhibit no quantum effects.
In the next section we show that the potential U de-
scribing an interaction of the inflaton with the environ-
ment can shift the spectral index. It may be difficult on
6the basis of a study of the power spectrum to determine
whether the deviation from the scale invariant spectrum
discovered in WAMP observations comes from quantum
or thermal fluctuations. If the initial state of the universe
is Gaussian then further evolution of quantum cosmolog-
ical perturbations proceeds in a squeezed state with a
classical evolution as shown in [37][38][39]. In such a
case it would be difficult to discover whether the origin
of the universe is of quantum nature. The eventual ob-
servation of non-Gaussian correlations [40] in CMB could
show that a decoherence of quantum superpositions re-
ally takes palace.
VI. BEYOND THE SLOWLY VARYING
CORRECTIONS
In the calculations of the spectrum of the stochastic
wave equation in sec.4 as well as of the spectrum of the
diffusion equation in sec.5 we assumed that H ,δ and Γ˜
vary so slowly that we can approximate them by con-
stants in the calculation of the power spectrum. The
slow variation is consistent with the slow roll approxima-
tion usually made for inflation. The calculations in sec.4
relied heavily on the assumption of the slow variation.
For varying potentials we return to the approximation of
sec.3 of the wave equation by the diffusion equation. The
replacement of the wave equation by diffusion equation
is legitimate if 3H + γ2(U ′)2 is large. The estimates of
the solutions of the diffusion equation based on eq.(26)
are much easier then the study of the corresponding wave
equation. We rewrite the formula (45) for the spectrum
in the form
ρt(k) == β
−1γ2∫ t
t0
exp
(
− 2
∫ t
s
(3H(t′) + γ˜2)−1(
V ′′ + a−2k2 + 12∂
′
tγ˜
2 + 32γ
2H((U ′)2 + U ′′U)
)
a(s)−3(3H + γ2U ′(φc(s))
2)−2(U ′(φc(s))
2ds.
(57)
In this formula we admit that V ′′(φc(t)) and U
′(φc(t))
have a substantial variation in time. This property de-
pends on the potentials as well as on H . First, we assume
that H is (almost) constant. In the damped wave equa-
tion the large time behaviour does not depend on the
term ∂2t φ. For small time in order to neglect ∂
2
t φ we
must make the assumptions that (V ′V −1)2 and V ′′V −1
are small and slowly varying in time (this is the slow-
roll approximation). Neglecting ∂2t φc in eq.(15) we can
represent this equation in an integral form
∫
(V ′(φc)+
3
2
γ2HUU ′(φc))
−1(3H+γ2U ′(φc)
2)dφc = −t
(58)
Eq.(15) will have solutions decaying to zero (or to a con-
stant) as from eq.(58) ∂tφc is negative if V
′ + 32γ
2UU ′ is
positive. If the decay is exponential
φc ≃ exp(−bt) (59)
so that
U ′(φc(t)) ≃ exp(−rt) (60)
then, as follows from the estimates of sec.5 after an in-
sertion of (60) in eq.(57)
ρt(k) ≃ k
−3−2r+2δ+3Γ˜. (61)
Hence, the decay (60) leads to a shift of the spectral
index. The behaviour (61) can really happen as we can
see assuming that V ′ is negligible and γ2(U ′)2 >> 3H .
Then, eq.(58) has the solution
U(φc(t)) = A exp(−
3H
2
t). (62)
If U ≃ φn then r = 3H(n−1)2n . An exponential decay
will be a common behaviour for polynomial V and U in
eq.(58). Let us consider some examples. V = m
2
2 φ
2,
U = φ gives a linear equation (15) with the decay rate
b = (m2+ 32γ
2H)(3H + γ2)−1. Easily calculated integral
(58) for V = m
2
2 φ
2 and U = 12φ
2 gives
b = r =
m2
3K
. (63)
As a next example if V = g4φ
4, U = φ then b = 12γ
2, but
r = 0 (no effect on the power spectrum in eq.(61)). The
decay can be non-exponential as can be seen if V = g4φ
4
and U = 12φ
2 then
φ−2c = φ
−2
0 +
4g + 3Hγ2
6H
t.
In such a case b = r = 0 and the power spectrum is
changed only by logarithmic corrections.
As a different class of models let us consider the power-
law inflation a = tα , H = α
t
. Consider the potentials
V (φ) = λ exp(4uφ) (64)
and
U(φ) = Λ exp(uφ). (65)
Eq.(15) has a solution of the form
φ = −
1
2u
ln(t) (66)
if the parameters satisfy the relation
α =
1
3
1− u2γ2Λ2 + 8λu2
1− u2γ2Λ2
. (67)
We require α > 1, hence u2γ2Λ2 < 1.
The s-integral in eq.(57) reads (we choose t0 = 0 so
that a(t0) = 0 )
ρt = K(t, k)
∫ t
0
dss−3α+h+1 exp
(
−B(2α−2)−1k2s2−2α
)
,
(68)
7where K is a certain function bounded for a small k,
h = 2(3α+ γ2Λ2u2)−1
(
16λu2 − 12γ
2Λ2u2
+γ2Λ2u2 1+8λu
2−γ2Λ2u2
1−γ2Λ2u2
)
,
(69)
B = 2(3α+ γ2Λ2u2)−1. (70)
Performing the integral (68) we obtain the power spec-
trum (55) with
κ =
3α− h
2(α− 1)
. (71)
For h = 1 the result is the same as in the case of a power
spectrum of quantum fields [30] in a metric a ≃ tα (this
is the almost scale invariant spectrum for a large α)
VII. SUMMARY AND OUTLOOK
The stochastic wave equation can be considered as a
phenomenological effective field theory of an inflaton. In
general, in addition to the inflaton there will be other
fields which contribute to the power spectrum. In our
model the stochastic wave equation arises from an aver-
age over an infinite set of scalar fields interacting with
the inflaton. We have investigated its long wave power
spectrum on a basis of some well-controlled approxima-
tions. We have shown that the scale invariant spectrum
is related to the coordinate-independent form of the noise
and to the accelerated expansion of the metric. The diffu-
sion approximation derived in this paper allows to study
the inflaton power spectrum beyond the assumption of
an almost exponential expansion and small variation of
the potentials. We considered a potential U describing
interaction with an environment which in the case of an
almost exponential expansion shifted the spectral index.
In an example of a power-law inflation we have obtained
a power spectrum close to the scale invariant one in mod-
els with exponential potentials. For a small friction and
an almost exponential expansion the departure from the
scale invariant spectrum is determined by the same for-
mula as the one obtained from quantization of the scalar
field on an external expanding space-time. If there is a
friction then Hamiltonian quantum mechanics is not well-
defined. However, we suppose that the proper formula-
tion as a dissipative Lindblad theory would lead the same
formula for the power spectral index. Our stochastic
methods suggest that the spectral long wave index cannot
distinguish between quantum inflaton fluctuations and
classical thermal fluctuations. The time evolution of cos-
mological perturbations has been studied in [37][38] with
the conclusion that if the inflation starts from a Gaussian
state then it quickly becomes classical (decoherence with-
out the environment). The CMB spectrum satisfying the
Planck law is certainly quantum but we could not see
this in the long wave limit. If we admitted non-Gaussian
states then a complete decoherence theory based on the
Lindbald equation would be needed [39] in order to ex-
plain the structure formation and detect when the classi-
cal behaviour begins. From the formula for ρt(k) in this
paper we could conclude that ρt(k) ≃ k
−1 for large k.
This is a quantum behaviour of 〈φ2〉. However, for large
k the stochastic equation discussed in this paper is not
reliable. One should rather study the interaction with an
environment at high momenta initiated in [26].
VIII. APPENDIX A:INVARIANCE UNDER A
CHANGE OF COORDINATES
We give a simple proof that the stochastic wave equa-
tion without friction (friction comes from an interaction
of φ with an environment as in [26], the low momentum
approximation is not invariant under change of coordi-
nates)
g−
1
2 ∂µg
1
2 ∂µφ+ V ′ = g−
1
4 η
is invariant under a change of coordinates, where g =
| det[gµν ]|. Under the change of coordinates x→ y
〈η(x)η(x′)〉 = δ(x− x′) = δ
(
x(y) − x′(y′)
)
= δ(y − y′)|∂x
∂y
|−1 = |∂x
∂y
|−1〈η(y)η(y′)〉
(72)
where ∂x
∂y
| is the Jacobian.So
η(x) = |
∂x
∂y
|−
1
2 η(y) (73)
On the other hand
g(x) = g(y)|
∂x
∂y
|2 (74)
Hence, g−
1
4 η is invariant (in a flat expanding metric this
is a−
3
2 η).
IX. APPENDIX B:EXACT FORMULA FOR THE
EXPONENTIAL EXPANSION
When a(t) = exp(Ht) then the solution of the diffusion
can be obtained explicitly. Assume U(φ) = φ, denote
M2 = V ′′ +
3
2
γ˜2. (75)
and assume thatM2 can be approximated by a constant.
The solution of the linear diffusion equation (19) with
zero initial condition at t0 = −∞ ( a(−∞) = 0) is
φt = β
− 1
2 γ˜
∫ t
−∞
ds 13H+γ˜2 ηs exp(−
3
2H(t− s))
exp
(
− k
2
3H+γ˜2 (exp(−2Hs)− exp(−2Ht))
− M
2
3H2+Hγ˜2 (t− s)
) (76)
8Let
u(s) = exp(−2Hs)
R = 3H2(1 +
1
3
γ˜2H−1) = 3H2(1 + Γ˜) (77)
Then
ρt(k) =
γ˜2
2Hβ (
1
3H+γ˜2 )
2 exp(k
2 exp(−2Ht)
R
)∫∞
u(t)
exp(−k
2u
R
)uκ−1du
(78)
where
κ =
3
2
−
M2
R
(79)
The integral can be expressed by the incomplete Γ
ρt(k) =
γ˜2
2Hβ (
1
3H+γ˜2 )
2 exp(k
2 exp(−2Ht)
R
)
(k
2
R
)−κΓ(κ, k
2
R
u(t)).
(80)
From eqs.(53) and (80)
ρt(k) ≃ k
−2κ (81)
If γ = 0 then
κ =
3
2
− δ (82)
with δ = M
2
3H2 .
This is exactly the index resulting from a quantization
of the scalar field in an exponentially expanding universe
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